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An analysis of the interaction of the melt flow with the surface of dendritic crystallites has been performed
using the concept of a diffusion boundary layer, and the regularities of the impurity distribution over the
cross section of ingots and castings in the process of their solidification have been revealed.

During the process of crystallization of steel there is continuous enrichment of the melt with soluble impuri-
ties (sulfur, phosphorus) and with certain components of the alloy (carbon, manganese, and others). This process is a
consequence of the separation diffusion of the impurities at the crystallization front due to the different degrees of
solubility of the elements in the solid and liquid phases. The separation diffusion of soluble impurities leads to the fact
that a concentration of the impurity Csol lower than the initial concentration C0 is established on the surface of crys-
tallites growing in the melt, whereas the melt layer adjacent to the crystallization front becomes enriched with a sol-
uble impurity. In consideration of the process indicated within one crystallite (dendrite), the regularities of the element
distribution in the liquid and solid phases have led us to a completed theory of dendritic liquation [1–4].

In the simplest case of the absence of diffusion in the solid phase the relation between the concentration of
the impurity on the crystallite surface C0 and the volume fraction of the solid phase ϕ is expressed by the Scheil
equation [5]

Csol = kC0 (1 − ϕ)k0−1
 . (1)

For γ-Fe-based austenitic steel the coefficient k varies within 0.35–0.36, whereas for δ-Fe (with a carbon content of
less than 0.5%) it varies within 0.14–0.20. Figure 1 gives as an example the relation Csol

 ⁄ C0 as a function of the vol-
ume fraction of the solid phase (ϕ) in accordance with the Scheil equation. It has been proposed in [6] that the "ef-
fective distribution coefficient"

kef = 
Csol

Cliq
 = 

k

k + (1 − k) exp 



− 

vcrδ
D





(2)

be used for calculation of the relation of the concentrations in the solid and liquid phases in the movement of the
crystallization front with a certain constant velocity vcr.

Attempts at describing theoretically the process of formation of the chemical inhomogeneity in a solidifying
ingot (process of macrosegregation) have thus far fallen short of the degree of completeness characteristic of dendritic-
liquation theory. The notion of a two-phase zone as the interlacing of dendritic crystallites with the liquid phase in be-
tween is widely used in the modern theory of ingot crystallization. At the same time, the substantial influence of the
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motion of a melt in the unsolidified part of an ingot and particularly within the two-phase zone on the impurity dis-
tribution over the cross section of the ingot is accepted.

In [7–9], in describing the interaction of the two-phase zone of an ingot with its liquid core, use has been
made of the motion of a diffusion boundary layer arranged at the boundary running along the vertices of dendritic
crystallites that formed the two-phase zone. In the present work, the concept of a diffusion boundary layer is used in
analyzing the interaction of the melt flow with the surface of dendritic crystallites.

The process of propagation of a soluble impurity in the two-phase zone of a solidifying ingot is investigated
by solution of the coupled system of differential equations

∂C

∂t
 + ∇ (CU) = ∇ (D∇C) , (3)

ρ 
∂U
∂t

 − µ∇2
U + ∇p = F . (4)

Integration of Eqs. (3) and (4) is carried out in the computational element ABCD (see Fig. 1 in [10] and Fig. 2), in-
cluding five secondary branches of two neighboring dendritic crystalites. The results of solution of the Navier–Stokes
equation (4) in describing the melt motion in the interdendritic space have been presented in [10]. Let us turn our at-

Fig. 1. Concentration of carbon in the solid phase (on the surface of dendritic
crystallites) vs. amount of the solid phase in accordance with the Scheil equa-
tion: 1) k = 0.14 and C = 0.40; 2) 0.353 and 0.57.

Fig. 2. Pattern of melt flows between dendrite branches and layout of control
cross sections: 1–4) two-phase zone; 5) boundary of the two-phase zone; 6)
liquid phase. y and x, m.
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tention to an analysis of mass-exchange phenomena accompanying the interaction of the melt flow with the surface of
dendritic branches.

We assume that the process of transfer of a substance from the surface of dendritic branches proceeds by the
following mechanism:

(a) the separation diffusion of the impurity occurs in the boundary layer, with the result that the concentration
of the impurity on the solid-phase surface is Csol <C0, and in the boundary layer, it is Cb > C0;

(b) the involvement of the excess amount of the impurity from the boundary layer in the main flow of the
melt proceeds by the convective mechanism and is characterized by the mass-transfer coefficient β dependent on the
flow velocity and the physical properties of the melt [11].

Under such assumptions, at the boundary of the melt flow and the surface of dendritic branches, the boundary
condition

− D 
∂C
∂n

 = β (Cb − C) (5)

holds true. In addition to condition (5), the convective-diffusion equation (3) is accompanied by the following bound-
ary conditions:

(a) for x = 0 (along the AB line of the computational element ABCD), we have

C = C0 ; (6)

(b) at t = t0, we have

C = C0 . (7)

In numerical integration of Eq. (3), we use the running values of the components of the vector of melt-flow
velocities U (they have been determined in [10]). The intensity of involvement of the impurity from the surface of
dendritic crystallites in the melt flow is allowed for by the mass-transfer coefficient β computed in terms of the Sher-
wood number Sh from the criterial equation [11, p. 494]

Sh = 0.33Re
0.5

Sc
0.33

 , (8)

where Sh = βL ⁄ D, Re = ρwL ⁄ µ, and Sc = µ ⁄ ρD.
Taking the values of the physical parameters ρ = 7000 kg/m3, µ = 0.0062 Pa⋅sec, and D = 10−8 m2/sec for

austenitic steel, we obtain a relation between the Sherwood number and the Reynolds number: Sh F 1.47Re0.5. On
prescription of the above physical characteristics of the steel melt and L = 10−3 m, we find the dependence of the
mass-transfer coefficient on the flow velocity in the form β = 0.494⋅10−3w0.5 m/sec.

Considerations applied to selection of the parameters β and Cb in boundary condition (5) complete the formu-
lation of the problem of convective diffusion of the impurity in the computational element ABCD of the dendritic net
of a solidifying steel ingot.

Numerical integration of Eqs. (3) and (4) has been performed by the finite-element method with the subdivi-
sion of the computational domain ABCD into a fairly large number of elements (more than 1200), which ensured
high-accuracy computations. A description of the hydrodynamic situation in the interdendritic space of element ABCD
has been presented in [10] where certain features of melt flow past the secondary branches of dendritic crystallites
have been noted. The results of numerical solution of the convective-diffusion equation (3) with account for boundary
conditions (5)–(7) are given in Figs. 3 and 4.

It is noteworthy that the nonstationary character of the solution of this problem manifests itself as the pres-
ence of the initial "acceleration" stage whose duration is 10–12 sec for the selected dimensions of the computational
element and the physical properties of the melt; thereafter the concentrations of the impurity at all points of the com-
putational element attain certain stationary values for the instant of time t = 20 sec.
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We have investigated the distribution of the concentrations of carbon and sulfur over the cross section of the
computational element; the initial values of the concentrations were taken to be C0(C) = 0.57% and C0(S) = 0.035%.
It is precisely such values that were recorded in experimental steel ingots of mass 50 kg and diameter 240 mm in [12]
where the formation of macroliquation in solidifying steel has been studied.

The results (presented in Figs. 3 and 4) of a computational analysis point to the fact that the concentrations
of iron and sulfur in the moving melt gradually grow, as it moves in the interdendritic space. For quantitative evalu-
ation of the degree of the above growth, we successively recorded the element concentrations obtained by calculation
in cross sections 1, 2, 3, and 4 (see Fig. 2).

An analysis of the plots enables us to draw the following conclusions.
1. The accumulation of carbon in the melt flow from cross section to cross section is observed; the absorption

of the element is maximum in the first step (between cross sections 1 and 2), whereas on the next portions (from 2
to 3 and from 3 to 4), the increases in the carbon concentration are gradually reduced.

2. The impurity distribution over the height of control cross sections reflects somewhat the pattern of melt
flow past secondary branches. Indeed, cross sections 2 and 4 are characterized by the presence of two vertical zones
(along the coordinate y): in the first zone, we observe a growth in the carbon concentration for y = 0–0.3 mm,
whereas in the second zone, for y = 0.3–1 mm, the carbon concentration is maintained constant, in practice, and equal
to 0.5788% for cross section 2 and to 0.5805% for cross section 4. We note that the zones of the cross sections for
which the concentration of carbon is elevated are open for the melt flow from the previous section of the computa-
tional element with a maximum amount of the impurity accumulated due to the mass transfer from the dendrite branch
that is located in this section.

Analogous features of the impurity (sulfur) distribution over the height of the control cross sections can be
seen in the plots of Fig. 4 which have been obtained for the prescribed C0(S) = 0.035% and Cb = 0.07% and 0.1%.

Fig. 3. Carbon distribution along the vertical cross sections 1–4 for the pre-
scribed C0 = 0.57% and U0 = 0.1 mm/sec: a) Cb = 0.75 and b) 1.0%. C, %; y, m.

Fig. 4. Sulfur distribution along the vertical cross sections 1–4 for the prescribed
C0 = 0.035% and U0 = 0.1 mm/sec: a) Cb = 0.07 and b) 0.1%. C, %; y, m.
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The values of the increases in the concentration of a soluble impurity (carbon, sulfur) on different portions of the in-
terdendritic space are given in Table 1.

The average growth in the concentrations of carbon and sulfur in motion of the melt in the computational ele-
ment of the dendritic net amounts to 0.01% and 0.001% respectively. According to the procedure presented, we have
carried out a series of calculations during which the velocity of melt flow (within 0.1–1 mm/sec), the initial concen-
tration of carbon and sulfur, the length of secondary dendritic-crystallite branches, and the length of the computational
element were varied. The calculation results enable us to infer that the growth in the concentration of carbon in the
melt flow can attain 0.06–0.08% for an average flow velocity of 0.1 mm/sec and a melt-flow path length of 4–5 cm.
As a result the concentration of the impurity in the flow attains 0.63–0.65% for an initial concentration of 0.57%. For
the sake of comparison we note that a carbon concentration of 0.8–0.9% was recorded in the axial zone of the test
steel ingots [12]. Thus, the fraction of the growth in the amount of the impurity due to the transfer in the melt flow
for this case is no higher than 20–25%. Needless to say, the evaluation performed is quite arbitrary, since we disre-
garded a possible reduction in the permeability of the dendritic net along the flow path length and the change in the
indices of dispersity of the dendritic net. Nonetheless, it may be stated that the "translational" component of the
growth in the concentration of soluble elements in a solidifying ingot due to the involvement of the impurity in the
moving melt can make up a substantial share of the growth in the concentration of the elements in the axial zone of
solidifying steel ingots.

NOTATION

C, concentration of the impurity in the melt, %; C0, initial concentration of the impurity in the melt, %;
Cliq and Csol, concentration of the impurity in the liquid and solid phases, %; Cb, concentration of the impurity in the
boundary layer, %; D, diffusion coefficient of the impurity in the liquid phase, m2/sec; F, external-force vector; k, dis-
tribution coefficient of the impurity; kef, effective distribution coefficient of the impurity; L, characteristic dimension of
the flow, m; n, normal to the surface; p, pressure, Pa; Re, Reynolds number; Sc, Schmidt number; Sh, Sherwood num-
ber; U, velocity vector; t, time, sec; vcr, crystallization-front velocity, m/sec; w, melt velocity, m/sec; y, coordinate
axis; β, mass-transfer coefficient, m/sec; δ, thickness of the diffusion boundary layer, m; µ, dynamic viscosity of the
melt, Pa⋅sec; ∇, Hamiltonian operator; ρ, density, kg/m3. Subscripts: 0, initial; cr, crystallization; ef, effective; liq, liq-
uid; b, boundary; sol, solid.
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